Abstract. Recently Varagnolo and Vasserot established that the q-deformed Fock spaces due to Hayashi, and Kashiwara, Miwa and Stern, admit actions of the quantum toroidal algebra U ′ q (sl n,tor ) (n ≥ 3) with the level (0, 1). In the present article we propose a more detailed proof of this fact then the one given by Varagnolo and Vasserot. The proof is based on certain non-trivial properties of Cherednik's commuting difference operators. The quantum toroidal action on the Fock space depends on a certain parameter κ. We find that with a specific choice of this parameter the action on the Fock spaces gives rise to the toroidal action on irreducible level-1 highest weight modules of the affine quantum algebra U q ( sl n ). Similarly, by a specific choice of the parameter, the level (1, 0) vertex representation of the quantum toroidal algebra gives rise to a U ′ q (sl n,tor )-module structure on irreducible level-1 highest weight U q ( sl n )-modules.
Introduction
Recently a new algebraic object -the quantum toroidal algebra U ′ q (sl n,tor ) has been introduced in [5] , [13] . This quantum algebra is a q-deformation of the enveloping algebra of a central extension of the Lie algebra sl n [s ±1 , t ±1 ]. Several results concerning representations of the quantum toroidal algebra were obtained [13] , [10] , [14] . One of of these results is the Schur-type duality between representations of the toroidal Hecke algebra and representations of U ′ q (sl n,tor ) established by Varagnolo and Vasserot [13] . This duality is analogous to the duality between affine Hecke algebra and the quantum affine algebra U ′ q ( sl n ) given by Chari and Pressley [2] . It is known that U ′ q (sl n,tor ) contains two subalgebras U The first example of a toroidal module with a non-trivial level was constructed in [10] . This vertex operator construction is an analogue of the Frenkel-Jing bosonization for level-1 U ′ q ( sl n )-modules. It gives a toroidal module with level (1, 0). We summarize this bosonic construction in section 3.
A q-fermionic construction of toroidal modules with non-trivial level has recently been proposed in [14] . Origins of this construction lay in the theory of integrable models with long-range interaction. It has been known for some time, starting with the work [1] , that level-1 highest weight modules of U ′ q ( sl n ) admit a level-0 action of the same quantum affine algebra U ′ q ( sl n ) [7] , [11] . In particular in [11] it was shown that the Fock space module of U ′ q ( sl n ) [6, 8] is simultaneously a level-0 U ′ q ( sl n )-module. The main result of the work [14] is that for n ≥ 3 the level-0 and level-1 actions of U ′ q ( sl n ) on the Fock space are exactly actions of the subalgebras U (1) ′ q ( sl n ) and U (2) ′ q ( sl n ) in the toroidal algebra, so that the Fock space may be regarded as a level (0, 1) module of U ′ q (sl n,tor ). From our viewpoint the proof of this fact given in the Theorem of section 12 in the paper [14] omits certain technical details -notably in the proof of the relations (6.9) -(6.14) of the present work. One of our main objectives in this paper is to supply these details by giving a complete proof, based on Lemmas 6 and 7, that the Fock space is a module of the toroidal quantum algebra (Theorem 13). Let us emphasize that the general idea of our proof is not new methodologically compared with the idea of the proof in [14] . We arrived at this idea before the appearance of the work [14] . However, at the time when the paper [14] became available to us we did not know a complete proof of Theorem 13, specifically a proof of the relations (6.12) -(6.14) in Lemma 7 was missing.
In this paper we will also show that the vertex representation of [10] is isomorphic to the Fock space as a level-1 U ′ q ( sl n )-module. This means that on the Fock space we have two actions of the toroidal algebra -one action of level (1, 0) and another action of level (0, 1) such that the action of the U (1) ′ q ( sl n )-subalgebra in the former coincides with the action of the U (2) ′ q ( sl n )-subalgebra in the latter. We are not aware of any good explanation of this phenomenon.
Apart from the matters discussed above we give a proof of irreducibility of the Fock space as a U ′ q (sl n,tor )-module. We also demonstrate that irreducible highest weight level-1 modules of U ′ q ( sl n ) admit actions of toroidal algebra with levels (1, 0) and (0, 1) induced from the corresponding actions on the Fock space.
Definition of quantum toroidal algebras
2.1. Let sl n be the semisimple Lie algebra of type A n−1 and sl n the affine Kac-Moody Lie algebra of type A (1) n−1 . We denote their Cartan subalgebras by h and h. We denote by α 0 , · · · , α n−1 the simple roots and by h 0 , · · · , h n−1 the simple coroots of sl n . Let P = ⊕ n−1 i=0 ZΛ i ⊕ Zδ be the weight lattice. Here δ is the null root. Let Q = ⊕ n−1 i=0 Zα i be the root lattice. Note that α 0 = −Λ n−1 + 2Λ 0 − Λ 1 + δ, α i = −Λ i−1 + 2Λ i − Λ i+1 (1 ≤ i ≤ n − 1). Here the indices are extended cyclically such as Λ i = Λ i+n . Let P = ⊕ n−1 i=1 ZΛ i be the classical weight lattice and Q = ⊕ n−1 i=1 Zα i the classical root lattice. The inclusion of P into P is given by Λ i = Λ i − Λ 0 . We also set δ = 0.
We denote the pairing of h and h * (resp. h and h * ) by , . The invariant bilinear form on P is given by (α i |α j ) = −δ ij−1 + 2δ ij − δ ij+1 and (δ|δ) = 0.
±d which satisfy the following defining relations:
. The coproduct ∆ of U q ( sl n ) is given as follows:
We will give the definition of the quantum toroidal algebra U q (sl n,tor ). Fix an integer n ≥ 3 and κ ∈ Q(q) × .
Definition 1.
The quantum toroidal algebra U q (sl n,tor ) is an associative algebra over Q(q) with generators :
for k ∈ Z, l ∈ Z\{0} and i = 0, 1, · · · , n − 1.
The relations are expressed in terms of the formal series
as follows:
c are central, (2.1)
2)
where i = j and m = 1 − h i , α j .
In these formulas we denote θ m (z) = zq m −1 z−q m for m ∈ Z, the θ m (z) is to be regarded as the expansion of the right-hand side above in non-negative powers of the argument z; δ(z) = k∈Z z k , m ij are the entries of the following n × n-matrix
The following lemma is already known [5] , [13] .
Following [14] we will call the U (1) ′ q ( sl n ) the vertical subalgebra of U ′ q (sl n,tor ) and denote its Chevalley generators by e i , f i , k ±1 i (i ∈ {0, . . . , n − 1}). The U (2) ′ q ( sl n ) will accordingly be called the horizontal subalgebra and for its Chevalley generators
Proof. Let U be the subalgebra of U q (sl n,tor ) which is generated by U (1) q ( sl n ) and U (2) q ( sl n ). It is enough to show that E 0,k , F 0,k , H 0,l ∈ U. By the defining relations we have
Since E 0,0 and H 1,l (l ∈ Z\{0}) are the elements of U we have E 0,k ∈ U for any k.
Similarly we have F 0,k , H 0,l ∈ U.
On a level (l 1 , l 2 ) module the generator q l 2 and the element K 0 K 1 . . . K n−1 acts as the multiplication by q l 1 .
The vertex representation
3.1. In this section we assume c = 1. Let us recall the results on the vertex representation of the quantum toroidal algebra [10] . Let S n be the subalgebra of U q (sl n,tor ), generated by the
. By definition the commutation relations of {H i,l } are following:
Let F n be the Fock space of S n . That is, F n is generated by the vacuum vector v 0 and the defining relations are H i,l v 0 = 0 for l > 0.
3.2. We introduce a twisted group algebra Q(q){P } defined as the Q(q)-algebra generated by symbols e ±α 2 , e ±α 3 , · · · , e ±α n−1 , e ±Λ n−1 which satisfy the following relations:
here we denote Λ 0 = 0. For i = 0, 1, · · · , n − 1 we denote
We define the operators on
Let us denote by U * q ′ (sl n,tor ) the subalgebra of U q (sl n,tor ) generated by 
where L(Λ M ) is the irreducible highest weight U q ( sl n )-module with the highest weight
3.3. Non-generic case. We shall start the following lemma.
Proof. We assume detG(n, k, κ) = 0 for fixed k. By an easy calculation we have
and if nk is odd then κ = q ±1 . Thus we have the statement. Until the end of this subsection we assume κ = q ±1 . Let B k = n−1 i=0 H i,k and S be the algebra generated by B k (k ∈ Z\{0}). It is easy to see the following lemma.
for any i, k and l. Moreover S is an abelian subalgebra of U q (sl n,tor ).
By the above lemma and the definition of the action on W (M) we have the following lemma immediately.
does not belong to W (M) (1) , it is a proper submodule.
. By the definition we have
(1) is irreducible.
(2) Therefore we have another
4. Action of U ′ q (sl n,tor ) on the finite wedge product 4.1. Toroidal Hecke algebra. Let q ∈ C × . The toroidal Hecke algebra of type gl N , H tor is a unital associative algebra over
. , N and relations
where
are both isomorphic to the affine Hecke algebra. And the subalgebra H N (q) generated by T ±1 i is isomorphic to the Hecke algebra of type gl N .
Let p ∈ C × and consider the following operators in End(C[z
the family of N commutative Cherednik's operators:
The following result is due to I. Cherednik [3, 4] :
The commuting difference operators Y
In what follows we will write z m v ǫ as a short-hand for z m ⊗ v ǫ , and use both notations: u k and z m v ǫ switching between them according to convenience.
The two actions of the Hecke algebra are naturally extended on the tensor product
) and the q-wedge product [8] is defined as the following quotient space:
Since for any i = 1, 2, . . . , N − 1 we have
the definition (4.4) is equivalent to
this map is called a wedge and is denoted by
A wedge is normally ordered if
In [8] it is proven that normally ordered wedges form a basis in ∧ N V (z), and that any wedge is expressed as a linear combination of normally ordered wedges by using the normal ordering rules:
The sum above continues as long as the wedges in the right-hand side are normally ordered.
4.3. Action of the quantum toroidal algebra on the wedge product. In the paper [13] the following result is proven Theorem 6 (Varagnolo and Vasserot). Suppose that x = κ −n q n and y = 1. Then for any right H tor -module R the vector space
Moreover the action of the vertical subalgebra U
and the action of the horizontal subalgebra U
10)
14)
is the matrix unit in the basis . Sometimes we will denote the action of the vertical (horizontal) subalgebra on the wedge product 
In this notation we identify v n+1 = v 1 . By taking into account the relations of the toroidal Hecke algebra, one can confirm that the action of ψ is well-defined on
The following proposition is proved in [13] .
On the other hand, one can prove the following proposition [13] easily.
that actions of the generators are given by the series
where 2 ≤ i ≤ n − 1, then the W is an U ′ q (sl n,tor )-module such that the actions of E 0 (z), F 0 (z), H 0 (z) are given as follows:
4.4. Semi-infinite wedge product. In the subsection 4.2, we defined the space V (z), its basis {u k }, k ∈ Z and the space ∧ N V (z). In this section we define the semiinfinite wedge product ∧ ∞ 2 V (z) and for any integer M its subspace F M [8] . Later we will define a representation of U ′ q (sl n,tor ) on this space. Let ⊗ ∞ 2 V (z) be the space spanned by the vectors
V (z) be the quotient map specified by (4.28). The image of a pure tensor u k 1 ⊗ u k 2 ⊗ . . . under this map is called a semi-infinite wedge and is denoted by
(4.29)
A semi-infinite wedge is normally ordered if
In [8] it is proven that normally ordered semi-infinite wedges form a basis in ∧
form the basis of F M . We will call the space F M the Fock space.
The two actions of
following the paper [11] . The definition we give below is equivalent to the one given in [11] . However, compared to [11] , we change slightly the precise wording so as to make the idea of this definition more transparent.
Let e := (ǫ 1 , ǫ 2 , . . . , ǫ N ) where ǫ i ∈ {1, 2, . . . , n}. For a sequence e we set 
and for
In these notations the set
is nothing but the base of the normally ordered wedges in ∧ N V (z). We will use the notation w(m, e) exclusively for normally ordered wedges.
Similarly for a semi-infinite wedge
. . , such that w ∈ F M , the semi-infinite sequences m = (m 1 , m 2 , . . . ) and e = (ǫ 1 , ǫ 2 , . . . ) are defined by k i = ǫ i − nm i , ǫ i ∈ {1, 2, . . . , n}, m i ∈ Z. In particular the m-and esequences of the vacuum vector in F M will be denoted by m 0 and e 0 :
Later we will see that the F M is a toroidal module. In this module the degree generator d 2 acts as the grading operator whose eiegenvalue on a normally ordred wedge w is equal to the degree (5.6). Clearly the degree is a finite non-negative integer for any wedge
Let l be a non-negative integer and define V s+nl M ⊂ ∧ s+nl V (z) as follows: 
Due to (5.8) the degree is a non-negative integer, and for k ∈ Z ≥0 we denote by V s+nl,k M the homogeneous component of degree k. The following result is contained in the paper [11] :
defined in section 4.3. 
Corollary 2. For each triple of non-negative integers
is an isomorphism of vector spaces.
Moreover we have a stronger statement:
Proposition 11. For each triple of non-negative integers
is an isomorphism of the U ′ q ( sl n )-modules. Proof. In the proof of this and some of the subsequent propositions the following lemma concerning the Cherednik's operators and proved in the paper [11] plays an essential role:
N be a sequence such that:
Then the following relations hold: To prove the proposition it is sufficient to assume that m is equal to l+1. And since the isomorphism of the linear spaces has been already established in the Corollary 2 we must now show that for any generator a of U ′ q ( sl n ) and any w ∈ V s+nl,k M the following intertwining relation takes place: 
Lemma 6 where we take N = s + nl + n, k = n, t = m 0 s+nl+n and the normal ordering rules allow us to write
where thew is a linear combination of normally ordered wedges w(n, τ ), n ∈ M n s+nl+n , τ ∈ E(n) such that for the sequence n = (n 1 , n 2 , . . . , n s+nl+n ) we have . And from the last inequality it follows that degree of the wedge w(n, τ ) is greater or equal to l + 1 (Cf. Proposition 5(ii) in [11] ). Since the degree of f (s+nl+n) 0 w(m, e) equals to the degree of w(m, e) and equals to k, and since the degrees of the first two summands in (5.20) are equal to k as well, taking the condition k ≤ l into account we find that w equals to zero. Now consider the second summand in (5.20). Lemma 2.2 in [8] shows that
Therefore we have 
where l ≥ k.
(5.25)
Due to proposition 11 this definition does not depend on the choice of l as long as l is greater or equal to k. Since we have
the level-0 action U 0 extends to the entire Fock space F M .
5.2.
Level-one action of U ′ q ( sl n ) on the Fock space. In this section we review the level-one action of U ′ q ( sl n ) on the Fock space F M [8] . First we define the action of U ′ q ( sl n ) (generated by E i , F i , K i , i = 0, . . . , n − 1) on the vector |M ′ as follows.
We define the action of E i , F i , K i , i = 0, . . . , n − 1 on the vector v as follows.
The actions of E i , F i , K i , i = 0, . . . , n − 1 on v (N ) are determined in the section 4.3. The definition of the actions on v does not depend on N and is well-defined, and we can easily check that the U ′ q ( sl n )-module defined in this section is level-1. We will use the notation U 1 for this U ′ q ( sl n )-action on the Fock space. 
For the toroidal action on
the following relations
where i ∈ {2, . . . , n − 1} and κ = p −1/n q. On the space ∧ ∞ 2 V (z), we introduce the following map
Here the action of U Proof. To prove this proposition we need the following lemma.
Lemma 7. Let k, l, N be integers satisfying l ≥ k and N = s + ln. Here s is the integer such that
Proof. By the relations (2.6), (2.7), we can show that for each i (1 ≤ i ≤ n − 1) the subalgebra in U 
is, in fact, generated by only the elements E i,0 , F i,0 , K ± i , F i,1 and F i,−1 . By the definition of the representation, every generator of U (1) ′ q ( sl n ) preserves the degree in the sense of (5.6). So it is sufficient to show that the actions of E i,0 , F i,0 , K ± i , F i,1 and F i,−1 satisfy the relations (6.9-6.14). For the case E i,0 , F i,0 , K ± i , by the definition of the actions (4.10-4.12) we can check that that E i,0 , F i,0 , K ± i satisfy the relations (6.9-6.14) directly. Let us show that
and m is such that u M −(s+nl) = z m v n . We will prove (6.16). In the proof we will use the two different notations:
in terms of the Chevalley generators: Let X be an element of U ′ q ( sl n ), then we define the action X ( * ) on the space (6.19-6.24 ) and M ′ = 1, M ′′ = N. We define the action X ( * * ) on the space C[z
We also define the action X {j} (j = 1, . . . , N + 2) on the space C[z (6.19-6.24 ) and M ′ = j, M ′′ = j. With these definitions, for any two elements X and Y from U ′ q ( sl n ), the operators X ( * ) and Y ( * * ) commute. This shows that if we have
The following equations are satisfied modulo Λ(UN ( * )
These equations follow from the the coproduct formulas which have been obtained in [9] Prop. 3.2.A:
Now we will show the equality
First let us prove that any element in UN ( * )
( * * ) annihilates a vector P (z)⊗w that satisfies (6.30). It is enough to show that (F ( * * )
. This follows immediately from the observation that wt(v n ) + wt(v n−1 ) − α i ′ − α j ′ is not a weight of ⊗ 2 V . Next we will show that Λ(F ( * * ) n−1,±1 (P (z) ⊗ w)) = 0, (P (z) and w satisfy (6.30)). By the formulas (6.27) and (6.28), we have the following identities modulo
32) is proved by (2.7) . The following formula is essentially written in [9] Prop. 3.2.B:
By the formula (6.34), we have (UN
, and by the formula (6.34), Lemma 6 (5.13) and the normal ordering rules, we get
andw is a linear combination of normally ordered wedges w(n, τ ), n ∈ M n s+nl+2 , τ ∈ E(n) (see subsection 5.1) such that for the sequence n = (n 1 , n 2 , . . . n s+nl+2 ) we have n 1 , n 2 , . . . , n s+nl+2 ≤ m, and #{n i |n i = m} < 2.
(6.36)
The inequality (6.36) implies, in particular, that n s+nl+1 < m. By the definition of the space
From the inequality n s+nl+1 < m it follows that |w| ≥ l + 1 (Cf. Proposition 5(ii) in [11] ). On the other hand we have |w| = |Λ(P (z) ⊗ w)| = k. By the condition k ≤ l this is a contradiction. Therefore we conclude thatw = 0, and hence Λ(F ( * * )
n−1,−1 belongs to the algebra generated by the operators e ( * )
n−1,−1 belongs to the algebra generated by the operators (Y
. By Lemma 6 (5.14) and the normal ordering rules, we have
andw is the element which has the property written after the relation (6.35) . By the previous discussion we havew = 0.
Thus we have shown (6.29). To prove (6.16) we must show that in the right-hand side of the last equation we can replace N +2 such that n 1 , n 2 , . . . , n N +2 ≤ m and #{n i |n i = m} < 2. By the normal ordering rules, we can write
and thew again has the same meaning as thẽ w in relation (6.35) . Repeating the discussion after (6.35) we can show thatw = 0. Hence we get (6.16).
To prove (6.15), consider the tensor product C[z
⊗V , use the formulas (6.27), (6.28) and continue the proof in a way that is completely analogous to the proof of (6.16). 
, This is exactly the statement of the Proposition 12 (i = n − 1). For the case i = n − 1 we use Lemma 7 (6.12) -(6.14) and a straightforward modification of (6.41).
In view of Propositions 8 and 12 we can now define a U 
Remark One can verify that the action of the subalgebra U 6.2. Action of U ′ q (sl n,tor ) on level-1 irreducible U ′ q ( sl n )-modules. In the paper [8] it was demonstrated that the Fock space F M admits an action of the Heisenberg algebra H which commutes with the level-1 action U 1 of the algebra U ′ q ( sl n ). The Heisenberg algebra is a unital C-algebra generated by elements 1, B a with a ∈ Z =0 which are subject to relations
The Fock space F M is an H-module with the action of the generators given by [8] The following results are proven in [8] :
• The action of the Heisenberg algebra on F M and the action
• There is an isomorphism 
In view of (6.47) and (6.43) in the second summand above we may write Taking into account that degree of aw is equal to the degree of w and is equal to k we may repeat the discussion leading to (6.51) and find that aB −m w = B −m aw. (6.55)
Remark Note that it is not true that U 0 at p = 1 commutes with the subalgebra H + generated by 1, B 1 , B 2 , . . . . This fact is known from consideration of the Yangian limit in [12] . If we attempt to repeat the discussion in the proof of the preceding proposition for B −m with negative m, we find that the inclusion (6.52) fails to hold in general. Let H ′ − be the non-unital subalgebra in H generated by B −1 , B −2 , . . . . Proposition 14 allows us to define a level-0 U ′ q ( sl n )-module structure on the irreducible level-1 module V (Λ i ) (i ∈ {0, 1, . . . , n − 1}). Indeed from this proposition it follows that the subspace
is invariant with respect to the action U 0 at p = 1 and therefore a level-0 action of U ′ q ( sl n ) is defined on the quotient space F M /(H ′ − F M ) (6.57) which in view of (6.45) is isomorphic to V (Λ i ) with i = M mod n. We do not know whether this level-0 action coincides with the level-0 action defined in the paper [7] . However the Yangian limit considered in [12] suggests an affirmative answer to this question. The results of [12] also lead to the following conjecture: q ( sl n ) are isomorphic to U ′ ( sl n ). Action of these subalgebras on the Fock space F M is now given by the generators It is straightforward to verify that these generators are well-defined on the Fock space provided we specify normalization of the Cartan subalgebra in sl n as 1, 2 , . . . , n − 1). (6.65)
The affine Lie algebra sl ′ n is realized as the central extension of the loop algebra sl n ⊗ C[t, t −1 ] by the center Cc, so that if x(m) = x ⊗ t m for x ∈ sl n , then a system of generators for U ′ ( sl n ) is provided by E i,j (m) (i = j ∈ {1, . . . , n}), H i (m) (i ∈ {1, . . . , n − 1}, m ∈ Z) and c, where E i,j are matrix units regarded as generators of sl n and H i = E i,i − E i+1,i+1 .
In terms of these generators the action of U and therefore the Heisenberg action is included into the action of toroidal algebra. This implies that the U (2) ′ q ( sl n ) ⊗ H action is included into the toroidal action as well. However the former action is irreducible in view of the decomposition (6.45). 
